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In this work, we present an omnidirectional perfect transmission in the photonic band gap of a
metamaterial, where positive-index and active negative-index materials are randomly stacked. Due
to mismatched impedance, a photonic band gap appears when the metamaterial possesses zero
averaged refractive index. By introducing the matched impedance at the expected frequency, a
complete tunneling is achieved in the photonic band gap. This kind of transparency is robust against
not only incident angles, optical polarization but system disorder as well. The finding is expected to
achieve potential applications in optoelectronic devices. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3159018�

I. INTRODUCTION

In conventional photonic band gap �PBG� materials,
Bragg scatterings in a periodically modulated dielectric
structure can induce the PBG,1,2 where the propagation of
photons is forbidden. Up until now, PBG materials have
achieved wide applications in telecommunication and
optoelectronics,3–6 such as microcavity waveguides and pho-
tonic crystal filters. Recently, metamaterials are attracting
much interest in constructing PBG materials. A famous ex-
ample is left-handed materials �LHMs� with negative refrac-
tive index, which were suggested theoretically by Veselago
in 1968 �Ref. 7� and demonstrated very recently.8 It is shown
that with the assist of LHMs, zero averaged-refractive-index
�zero-n̄� gap can appear in a stack of positive and negative-
index materials.9 Further, spatial-averaged single-negative
�SASN� gap is found in the stack of positive-index and
single-negative materials including negative-permittivity or
negative-permeability media.10 Physically, both the zero-n̄
gap and the SASN gap originate from the optical path can-
cellation in those one-dimensional �1D� stacks. Therefore,
distinct from the Bragg gap, the zero-n̄ gap and the SASN
gap are invariant to the geometrical scaling and also insen-
sitive to the incident angle.

Photonic tunneling in the PBG materials is also attrac-
tive. Usually the photonic tunneling is related to some
resonances.11,12 For example, due to Fabry–Pérot resonant,
some photons can transport through thin metallic slits.13–15

Extraordinary optical transmission found in the subwave-
length hole arrays of metals originates from the resonance
between incident light and free electrons, and the excitation
of surface plasmon polariton.16–18 Photonic tunneling can
happen in the Bragg gap, when the defects are symmetrically
introduced in conventional PBG materials.19 However, once
the light irradiates the sample from normal to oblique inci-
dence, effective optical lengths will change in the media,
thereafter, the defect modes shift significantly against inci-

dent angles. One may naturally search for the solution to
overcome the angular effect. Very recently, Zhou et al.11

demonstrated a type of transparency through negative-
permittivity media with high magnetic fields, which is found
to have very little dependence on incidence angles. Further
by using the resonant coupling of the evanescent-wave-based
interface modes, an omnidirectional tunneling mode can be
achieved in the photonic heterostructure containing single-
negative materials.20

In this work, we present another approach based on the
impedance-matched effect. We theoretically demonstrate that
in a random stack with positive-index �PI� and active
negative-index �ANI� materials, a wide PBG can be obtained
due to the impedance mismatch. By introducing the matched
impedance at the frequency of interest, a perfect tunneling
appears in the PBG, which is totally independent of incident
angles and polarizations of light wave. This paper is orga-
nized as follows. In Sec. II, based on Maxwell equations, we
present an analytical analysis on omnidirectional perfect
transmission in the PBG of the PI/ANI stack, and the re-
quirement for such feature is given. In Sec. III, photonic
band structures and optical transmission for periodic and ran-
dom stacks are numerically calculated. It is demonstrated
that the photonic tunneling appears indeed within the band
gap, which is robust against incident angles, optical polariza-
tion and system disorder in both the dissipation-free system
and the dissipation system. Besides, the impact of individual
layer thickness on the photonic tunneling in random stacks is
discussed. Finally, a summary is given in Sec. IV.

II. THE ANALYTICAL ANALYSIS

A. The perfect transmission mode

We consider the propagation of electromagnetic waves
�EMs� in a 1D layered photonic structure, where two mate-
rials A and B are randomly arranged along the z axis. Then
the stack is characterized by frequency-dependent and space-
varying refractive index n=��� and impedance Z=�� /�,
where �=��z� and �=��z� are the electric permittivity and
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the magnetic permeability in the stack. Maxwell equation for
the electric field E in the stack can be expressed as

� � � � � E

n�z�Z�z�� =
�2

c2

n�z�
Z�z�

E , �1�

where c is the velocity of the EM in vacuum.
Starting from Eq. �1�, it is possible to obtain a perfect

transmission at the expected frequency in this random stack.
For example, if the impedance and the absolute value of the
refractive index are constants at certain frequency �0, i.e.,

� Z��0,z� = C1,

	n��0,z�	 = C2,

 �2�

the impedance for the propagation of electromagnetic wave
at �0 is matched through the stack, and two orthogonal
z-component solutions of Eq. �1� can be expressed as

E0ei��0/c�cos ��0
zn�z��dz� and E0�e

−i��0/c�cos ��0
zn�z��dz�, where � is

the incidence angle. Thus by imposing the zero-n̄ configura-
tion �n̄= �1 /a��0

an�z�dz, where a is the total thickness of the
stack and the matched impedance, the electromagnetic wave
can transmit through the structure perfectly and result in no
phase shift throughout the structure at any incident angle. In
this way, an omnidirectional and perfect transmission mode
��0� is achieved in the stacking structure due to the matched
impedance at this frequency.

B. The requirements for a photonic band gap

The PBG around the perfect transmission mode ��0� can
be obtained in the disordered binary stack based on Bloch
theorem and transfer matrix method.21 For the transverse
electric �TE� or the transverse magnetic �TM� polarization,
Maxwell equation in the 1D stack can be rewritten as

d

dz� 1

P̃ñ

dU�z�
dz  +

ñ�2

P̃c2
U�z� = 0, �3�

where ñ=��� cos2 � and �=��z� is the angle between the
wave vector and the z axis. For TE modes, U�z� stands for

the electric field �E�z��, and P̃� Z̃=�� / �� cos2 �� is the ef-
fective impedance along z; while for TM modes, U�z� stands

for the magnetic field �H�z�� and P̃� G̃=�� / �� cos2 �� is
the effective conductance along z.

The transfer matrix of both TE and TM waves for the jth
layer with thickness dj can be expressed as

Tj��� = � cos�ñjkdj� iP̃j sin�ñjkdj�

i
1

P̃j

sin�ñjkdj� cos�ñjkdj� � . �4�

Here k=� /c and P̃j is the effective impedance/conductance
in the jth layer. The transfer matrix for the entire structure
�M� can be described by the product of the transfer matrix
for each constitutive layer, i.e.,

M = � 1 1

− 1/P̃i 1/P̃i
�−1

� �� j=1
N Tj� � � 1 1

− 1/P̃t 1/P̃t
�

� �m1 m2

m3 m4
� , �5�

where P̃i and P̃t are the effective impedance/conductance for
the incident medium and transmitted medium, respectively.
Therefore, the reflection and transmission of the structure
can be expressed as

R = �m3

m1
�2

,

T =
P̃i

P̃t

� 1

m1
�2

, �6�

respectively.
Due to the fact that there is no translational invariance in

random systems, the Bloch theorem cannot be directly ap-
plied. However, by taking the particular disordered stack as
“one primitive cell” in a periodic system,22 we can apply the
Bloch theorem as E�z+a�=eiqaE�z� to deduce the condition
for a PBG in the stack. �Here a is the total thickness of the
disordered stack.� Thereafter, in the case of

Tr�T���� = 2 cos�qa� � 2, �7�

the propagation of electromagnetic waves at the frequency of
� is forbidden in the structure.

C. Photonic band gap in a periodic stacking

If we consider the subwavelength limit, i.e., the wave-
length is much larger than the optical length of constitutive
layer, a forbidden gap in the binary periodic stacking can be
obtained only if

Tr�T���� � 2 − k2 � ��ñAdA�2 + �ñBdB�2

+ � P̃A

P̃B

+
P̃B

P̃A

ñAñBdAdB� � 2 �8�

is satisfied.10 Here dA and dB are the thickness of layer A and
B, respectively.

Now we go to the stack, where layer A is a conventional
PI material while layer B is a NI material. We assume that
material A is dispersionless �nA=const� and material B is
dispersive �nB����, and dA=dB=d for simplicity. At the per-
fect transmission mode ��0�, nA=−nB��0�, �A=−�B��0�, �A

=−�B��0�, and 	�A	= 	�B	=�. Around the frequency �0, we
have Tr�T�����2−k2d2 cos2 ���A+�B������A+�B����.
Thereafter, the requirement for the photonic band gap around
�0 is given by

��B

��
�

��B

��
� 0. �9�

Therefore, once layer B has an opposite dispersion charac-
teristics of the electric permittivity and the magnetic perme-
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ability around the frequency �0, there exists the impedance
mismatch of A and B in the stack, then a PBG is achieved
around �0.

D. Photonic band gap in a random stacking

In a random binary stacking, we can directly follow Ref.
9 to prove that a PBG �zero-n̄� can also be achieved. In this
case, the electric field inside the structure can be decomposed
as forward and backward components. We assume that the
effective impedance is mismatched in the structure and it has
a variation around the perfect transmission mode ��0�. Based
on Bloch theorem, the mismatched impedance in the zero-n̄
stack leads to imaginary q.9 Therefore, a PBG can be ob-
tained around the perfect transmission mode ��0� once Eq.
�9� is satisfied in a disordered stack.

Physically, for both periodic and random zero-n̄ stack-
ings, the matched impedance corresponds to a tunneling
mode at �0 according to Eq. �2�, while the mismatched im-
pedance to a PBG around �0 according to Eq. �9�.

III. NUMERICAL CALCULATIONS AND DISCUSSIONS

Based on Eqs. �4�–�7�, we have carried out the numerical
calculations on photonic band structure and optical transmis-
sion of the PI/ANI stacks. In our calculation, the PI material
�layer A� is assumed to be nondispersive, the permittivity and
the permeability are set as �A=4 and �A=1, respectively. The
ANI material �layer B� is dispersive, its permittivity and per-
meability follows the Lorentz model as23

�B��� = 1 −
K

�2 − �e0
2 + i	e�

,

�B��� = 1 −
F

�2 − �p0
2 + i	p�

, �10�

where �e0 is the electronic resonance frequency and �p0 is
the magnetic resonance frequency; K and F are constants. It
is known that in conventional passive media, both K and F
are positive, and 	 corresponds to dissipation; thus both
��B /�� and ��B /�� are positive in the normal-dispersion
region or negative in the abnormal dispersion region. Equa-
tion �9� can be satisfied in passive media when the normal-
dispersion zone of � overlaps with the abnormal dispersion
zone of � or vice versa. Meanwhile, as we will demonstrate
below, in active materials with abnormal dispersion such as
an inverted two-level system,24–26 K is smaller than zero and
	 corresponds to optical gain, thus ��B /���0. Then at some
frequencies, Eq. �9� is satisfied in the stack, i.e., opposite
dispersion characteristics of the permittivity and the perme-
ability around the frequency �0 are achieved in the ANI ma-
terial �layer B� �as shown in Fig. 1�. We will show a perfect
transmission appearing within a wide impedance-
mismatched PBG in a random PI/ANI stack.

Figures 2�a� and 2�b� present the photonic band struc-
tures for the periodic PI/ANI stack and the random stack,
respectively. It is shown that in both cases, a transmission
mode appears at �0 within a wide band gap, which is invari-
ant against the incident angle and optical polarization �the

TE mode or the TM mode�. At the frequency �0, we have
�A=−�B and �A=−�B in the PI/ANI stack. Then, the imped-
ance is matched when the photon with the frequency of �0

propagates in the stack. As a consequence, the photonic tun-

FIG. 1. The electric permittivity ��� and the magnetic permeability ��� of
the ANI material, which is for layer B in the stack. Standard Lorentz model
�Eq. �10�� was taken to describe the dispersion, where K=2.2
2

�1030 �rad /s�2 and �e0=12
�1014 rad /s for the permittivity, while F
=7.2
2�1029 �rad /s�2 and �p0=8
�1014 rad /s for the permeability, the
damping factors are ignored in this case. The shaded area highlights the
negative-index frequency region. Please note that at �0=
�1015 rad /s,
�B=−4, and �B=−1, where the matched impedance will be achieved
through the PI/ANI stack.

FIG. 2. The calculated photonic band structures of the periodic �a� and the
random �b� PI/ANI stacks in terms of frequency � and incident angle �.
There are two types of layers: layer A and layer B. Layer A is a dispersion-
free and PI material, its index is assumed to be �A=4 and �A=1; while layer
B is an ANI material and it possesses the dispersion property illustrated in
Fig. 1. The thickness for each layer is set as d=dA=dB=5 nm and there are
80 layers totally in the stacking. Note that, in each figure, the left part is for
the TE mode, while the right part for the TM mode. Moreover the white area
stands for allowed photonic bands, while the dark area for forbidden gaps.
An omnidirectional tunneling mode is shown at �0 in both periodic and
random stacks.
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neling is achieved in the stack when the photonic frequency
is at �0. Interestingly, this photonic tunneling lies in a wide
zero-n̄ band gap, which originates from the mismatched im-
pedance. Actually at this region, the permittivity and the per-
meability of layer B satisfy Eq. �9� indeed. Meanwhile in the
higher frequency region, the band structure is dominated by
Bragg scattering, which is different from zero-n̄ band gap
and very sensitive to system disorder and incident angles �as
shown in Fig. 2�.

The transmission spectra in the TE mode and the TM
mode are also investigated for the periodic and random PI/
ANI stacks at different incidences �as shown in Figs.
3�a�–3�d��. In both stacks, there always is a transmission
peak at the frequency of �0 for different incident angles and
different polarizations �Figs. 3�a�–3�d��. However, the trans-
mission far away from �0 is governed by Bragg scattering
and presents large variation with the change of incidence
angle. In order to show clearly photonic tunneling in the
PI/ANI stack, the electric field distributions in the stack are
calculated for different frequencies �as shown in Fig. 4�. It is
obvious that the electromagnetic wave with the frequency of
�0 can propagate through the whole stack without any decay
in both periodic �Fig. 4�a�� and random �Fig. 4�c�� cases.
Once the frequencies are deviated from �0, the electromag-
netic wave may exponentially decay in the stack for the pe-
riodic �Fig. 4�b�� and also the random �Fig. 4�d�� cases.

The omnidirectional transmission at �0 is also robust
against the scale change in the PI/ANI stack. For example, if
the thickness of each layer in the stack varies within the
subwavelength frame, the omnidirectional perfect transmis-
sion can always be found at the same frequency ��0�. How-
ever, increasing the layer thickness may lead to a significant
change in the quality factor Q of the transmission peak,
which is defined as Q=�0 /��. Here �0 is the wavelength of
the peak and �� is the half width of the peak. It is found that

the quality factor of the transmission peak at �0 will increase
if the layer thickness increases �as shown in Fig. 5�a��, which
originates from stronger multiple scatterings in the stack.
The enhancement in quality factor of the peak is also ob-
served in oblique incidence for both TE and TM polariza-
tions �Figs. 5�b� and 5�c��. This feature opens up a new pos-
sibility for constructing a new type of filters for
electromagnetic waves.

It is also worthwhile for us to consider the dissipation
system, where material B possesses dissipation and gain

FIG. 3. �Color online� The transmission spectra of the periodic ��a� and �b��
and the random ��c� and �d�� PI/ANI stacks for both the TE mode and the
TM mode at different incidences. The material and structural parameters are
the same as those in Fig. 2. In each figure, the blue dashed line is for normal
incidence ��=0°�, the black solid line for �=45° and the red dotted line for
�=89°. In both stacks, there always is a transmission peak at the frequency
of �0 for different incidence angles and different polarizations.

FIG. 4. The field distributions along the z axis in the period PI/ANI stacking
at the frequency: �a� �=�0 and �b� �=1.1�0. While the field distributions in
the random PI/ANI stacking at the frequency: �c� �=�0 and �d� �=1.1�0.
The material and structural parameters are the same as those in Fig. 2.

FIG. 5. �Color online� The transmission spectra of the periodic PI/ANI
stacks with scale change for different incidence angle �. �a� �=0, �b� TE
mode at �=45°, and �c� TM mode at �=45°. In each figure, the blue dashed
line is for the stack with the individual layer thickness d=5 nm, the red
dotted line for d=10 nm, and the black solid line for d=40 nm, respec-
tively. The other parameters are the same as those in Fig. 2. The omnidirec-
tional perfect transmission can be found at the same frequency ��0�, and the
quality factor of the transmission peak increases as the layer thickness
increases.
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since it is unavoidable in realization.27,28 In the following
calculation, the damping factors for �B and �B in Eq. �10� are
chosen to be 	e=0.4 and 	p=0.5, respectively. It is shown
that the omnidirectional transmission still appears at the fre-
quency of �0 within a zero-n̄ gap in the periodic and random
stacks �as shown in Figs. 6�a� and 6�c��. Although the fre-
quency for photonic tunneling is the same as that in Fig. 3,
the intensity of the transmission peak changes with incident
angle because the dispersion property of material B has in-
corporated dissipation and gain. Besides, the TM wave trans-
mits more powerfully than the TE wave does. It should be
noted that at certain frequencies, the intensity of the trans-
mission peak is larger than one. This feature indicates that
the optical gain, which is inherent to our structure, wins over
the dissipation at those frequencies in the whole
structure.27,29 Furthermore, the maps of transmission are il-
lustrated in Fig. 6�b� for the periodic stack and in Fig. 6�d�
for the random stack, respectively. It can be seen that the
transmission intensities are stronger for the periodic stack
than those in the random one. Anyway, it is obvious that the
omnidirectional transparency within the photonic band gap
can also be found in the PI/ANI stacks where the dissipation
is involved.

Besides, it is true that the subwavelength approximation
is taken in the analytical analysis in Sec. II. In practice, the
numerical calculations show that for the periodic stack, the
tunneling transmission exists even when individual layer
thickness �d� reaches approximately 1/5 of the incident
wavelength before the transmission mode joins another band;
while for random stacking cases, the transmission peak
breaks into a band when d exceeds about 1% of the incident
wavelength. And beyond that limit, the transmission spec-

trum becomes configuration dependent and is inclined to dis-
tortion. We show in Fig. 7 the averaged band width for the
random stackings with different d. The averaging was taken
over 1000 realizations. With the increase of d, the tunneling
mode grows into a pass band. Two typical transmission spec-
tra are plotted in the inset of Fig. 7. It can be seen that for
smaller d �for example, d=10 nm� the perfect transmission
is intact; however, as d becomes larger �for example, d
=20 nm� the transmission peak expands and becomes dis-
torted. Such phenomena can be attributed to a lack of phase
accumulation over the structure which is due to the phase
cancellation across alternating PI and ANI layers as reported
in Ref. 30.

Finally, it should be mentioned that the omnidirectional
transparency within the photonic band gap can also be
achieved in the stacks with the single-negative-index mate-
rial. For example, if layer A becomes a negative �-dispersive
active material and layer B becomes a negative �-dispersive
medium, the photonic band structures and the optical trans-
mission are the same as those in the above PI/ANI stacks.

IV. CONCLUSION

In conclusion, we have presented an approach in achiev-
ing omnidirectional transmission through the stacking of
conventional positive refractive index material and active
negative refractive index material. It is found that due to
mismatched impedance, a PBG appears when the stack pos-
sesses zero averaged refractive index, while by introducing
the matched impedance at the expected frequency; a com-
plete tunneling is achieved in the photonic band gap. This
kind of transparency is robust against incidence angles and
system disorder. The numerical calculations are in good
agreement with the analytical predictions. We expect that the
findings may achieve potential applications in optoelectronic
devices.

FIG. 6. �Color online� The transmission spectra and the maps of transmis-
sion of the periodic and random PI/ANI stacks when the loss and the gain of
material B are considered. The damping factor of �B and �B for material B
are chosen to be 	e=4
�1013 rad /s and 	p=8
�1013 rad /s. The other
parameters are the same as those in Fig. 2. In the transmission spectra of �a�
the periodic and �c� the random stacks, the blue dashed line is for normal
incident, the black solid line for TE mode at �=45°, and the red dotted line
for TM mode at �=45°, respectively. While the maps of transmission are for
�b� the periodic and �d� the random stacks, respectively.

FIG. 7. The averaged band width of the 400-layer random PI/ANI stacks for
normal incident as a function of individual layer thickness d. The other
parameters are the same as those in Fig. 2. The averaging was taken over
1000 realizations. Two typical transmission spectra �d=10 nm and d
=20 nm� are shown in the inset.
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